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Introduction
How does private information get impounded into the price of a
security?
Informed traders, uninformed traders, and market makers

Strategic and rational behaviors in equilibrium

A A AL A

Main reference
Empirical Market Microstructure: The Institutions, Economics, and Econometrics
of Securities Trading, Joel Hasbrouck, Oxford University Press (2007)
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Setting

) The 1-period terminal security value

v~ N(p(]a 20)

E

One informed trader who knows v and enters a demand z.

E

Liquidity (“noise”) traders submit a net order flow
u ~ N(0,02),
which is independent of v.

() The market maker (MM) observes the total demand y = = + « and
then sets a price, p.

) Al of the trades are cleared at p.
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Informed Trader’s Profit

)’ The informed trader conjectures that the MM uses a linear price
adjustment rule

p=Ay+u,
where y is the total order flow: y = u + .

) Xis Kyle’s inverse measure of liquidity.

)’ The informed trader’s profits are = = (v — p)a.

() Substituting in for the price conjecture and y yields
m=zxv—ANu+zx)— p.

() The expected profits are E(r) = (v — Az — p).
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Optimization by Informed Trader

) If the informed trader is buying (z > 0), it is possible that a large
surge of uninformed buying (u > 0) drives the A(u + x) + p above
V.

)" So, the informed trader chooses x to maximize E(r), yielding

v —fi
2\

€r =

() The second-order condition is A > 0.

) The larger X is, the larger will be the impact of order flow.
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Market Maker’s Strategy

() The MM conjectures that the informed trader’'s demand is linear in
v:

=+ pu.

()’ Being mindful of the optimization process that the informed trader
followed, the MM can solve for « and S for all v:

v—p
o =a+ fu.
() Hence,
__k _ 1
a=— and 5_2)\. (1)
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Bivariate Normal Projection

() Suppose that A and B are bivariate normal random variables with
means 4 and pp, variances 0% and 0%, and covariance o 4.

()’ The conditional expectation of B given A is

OAB

E[B|A=a] = pp+ —5
A

(a— ).

) Because this conditional expectation is linear in A4, it is equivalent
to projection.

) The variance of the projection error is

o2
V[B’A:a] :J%—%.
4

Christopher Ting Session 9 June 14,2018 8/27



Kyle’s Model [Kyle, 1985]
00000e00

Applying the Projection
) Here, given the definition of the order flow variable and the MM'’s
conjecture about the informed traders behavior,
y=u+a+po,

we have
E (y) = a+BE (v) = a+Bpo, V(y) =o02+8>Zy, and C(y,v) = BX,.

() Using these in the projection results gives
Bo(y — o — Bpo)

E[v|y] = po + o2+ 525,
02X
= __u 2
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Solution

)’ This must equal p = Ay + u for all values of y. Hence
—afBXy + o2po

B2
=V and NS —r—
h= o 1 g2y, o2+ A2%,

(i Solving equations (1) and (3) yields

oq |og

1 /X
p=py and A=_|=2

2
2\ oz

as well as
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Discussion

)’ The informed trader’s expected profit is

E(r) = (v —po)? |02

2 Yo

) g(r) increases with the divergence between the true value v — pg
and the unconditional mean o2.

() Noise trading as providing camouflage for the informed trader.
)’ How much of the private information is impounded in the price?

Vol = Violy] = =
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Transient versus Permanent Price Impacts

# Bid ask bounce is and ephemeral. Due to private
information, trades also have effects on prices that are cumulative
and

# As a general trend, active buys (sells) can drive the price up
(down).

#* Suppose that a buy order at 10am drives the price up by $0.05,
and the closing price at 16:00 happens to be $10.00. We
conjecture that if that trade had not occurred, the closing price
would have been $9.95.

#* How permanent is “permanent”? This is debatable. For present
purposes, “permanent” means “does not go away over reasonable
trading horizons.”
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Permanent Price Impact Model

% We can modify the random walk model to incorporate a
permanent price impact. Let

S; := net order flow in shares
= # shares actively purchased — # shares actively sold.

% Then, the update of log price is
Pt = Pr—1 + o + ASp + uy,

where )\ is Kyle’s price impact parameter.

% How can this model be incorporated into a trading model?
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Two-Period Case

® Problem: minimize the cost of buying Stota Shares over two
periods, (“period 0 is “right now.”) Consider the cost

C = p151 + p2Sa.
® By construction, we have

p1=a~+po+ AST + ug
p2 = a+ p1 + AS2 + ug
= 2a + po + AS1 + AS2 + u1 + ug

® Substitute into the cost expression to obtain
C = Sl(oH—pg + A5t +u1) + 52(2a+p0 + AST + ASy 4+ ug +u2).
® The expected cost is
E(C) = Si(a+po+ AS1) + S2(2c + po + AS1 + AS).
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Problem

O Minimize E(C) subject to S; + S = Siotal-

O Rewrite the constraint as So = Siota1 — S1 @and substitute into the
expected cost, we obtain

E(C) = AS% - 51 (a + )\Stotal) + Stotal(2a +po + AStotal) .

O Now the expression involves just S;. The first order condition is

dE(C)
dS;

= —a+ 2)\51 — )\Stotal = 0.
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Solution

B The optimal number of shares to buy in period 1 is

* o+ >\Stotal
ST = o )
B Since S1 + S2 = Siotal, the optimal number of shares to buy in
period 2 is
o — AStotal
= ———F
2 2\

B Therefore, the expected cost with optimal buying is

(04 + )\Stotal)2

B =—""n

+ Stotal (20& + po + )\Stotal) o
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Variance of Optimal Cost

(1 The original formula for C, evaluated at the optimal quantities is

1
C* = ZStotal (41?0 + 3AStotal + 4u1 + 2'1,62)

(1 It follows that the variance of C* is

* 1 5
V(C ) = Stzotal (V(Ul) + 4V(U2)> = ngotalag'
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General Case

(3 The analysis extends to more than two periods. For example, for
purchase over three periods,

I} 3

St tal Stotal « Stotal
Sr =2 4 2t 55 = .S + .
A 3 3

A If a = 0, the optimal strategy over T" periods is simply a constant
when Siota and T are given. Namely,

Sz( — St;fal?

fort=1,2,...,T.
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Results for the General Case

Q In generally, under the constant-size trading strategy and setting
a = 0, the price for each time step is

AS, 1 tS 1
Pt = po + ;?tat+u1+u2+ tur=pot+ —F—— fota Zus

Q Accordingly, the expected cost under the optimal buying strategy is

( ))‘St20tal

E(C*) = poStotal + 5T

4 Moreover, the variance is computed as

T(T +1)(2T + 1)>

\% _ totala t2 totala
(cr Z ;

B (T—I— 1)(2T+ 1) o
N 6T

S otala
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Insight!

3 As T goes up, expected cost goes down, but risk rises.

3 In portfolio theory there is a fundamental trade-off between risk
and return. There is a similar trade-off here. In portfolio theory the
trade-off line is called the “efficient portfolio frontier.”

O Here it is sometimes called the efficient trading frontier.
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Estimation of )\

A The general relationship we are trying to estimate is
Dt = pi—1 + a + AS; + uy,

or
Apt = o+ )\St + Ug.

A This specification can be estimated with intraday, high-frequency
datasets.

A These datasets, however, are large and complex. With some
simplifying assumptions, we can form an estimate from the more
common and tractable daily data.
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Daily Estimated )

V¥ On average a ~ 0 and u; =~ 0. If we assume that these
approximations hold period-by-period, we can write

Apt = )\St
V Taking the absolute value of each side, we obtain |Ap,| = A|S¢|.

V¥ Now S; is the order flow volume over the interval. If the interval is
short, we can approximate its absolute value by the trading
volume, V; = |Sy|.

V¥ Rearranging, the approximate A value is

_ \Apt’

A
Vi

V¥ What is the intuitive interpretation of this approximate formula?
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Amihud’s llliquidity Measure

# This result suggests estimating A by the absolute change of log
price and volume as follows:

# The overline indicates an average taken over a sample of
intervals.

4 Since price and volume data are widely reported at a daily
frequency, it is convenient to use a sample of daily data to
estimate \.

@ The ) statistic suggested above is a variant of the Amihud
illiquidity measure [Amihud, 2002].
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Assumptions in Estimation Using Intraday Data

% Even when we estimate Ap; = o + AS; + u; with high-frequency
data, we need to make several simplifications.

% The price jump caused by an incoming order does not always take
place in the same millisecond, or second. So we use larger time
intervals. Here, we will let ¢ index minutes.

% The trade price itself contains a bid-ask bounce. The bounce

tends to wash out over time, but not necessarily within the minute.
So we use the bid-ask midpoint for p;.
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D Therefore, we estimate the following regression instead
Amt = o+ )\NBVt + Uy,

where

% tis minutes
* my is the quote midpoint at the end of minute ¢;
* NBV, is the order flow over the minute

D Sometimes, to avoid giving too much weight to large trades, we let
the driving variable be NB;, the net number of buys in the minute
(the sum of the trade signs). Hence,

Amt = o+ )\NBt + Uug.
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Takeaways
- A model of linear equilibrium between informed trader and market
maker

- Kyle’s X is a measure of (inverse) liquidity, which can be estimated
easily.

- Informed traders’ expected profit increases with the variance of
uninformed traders’ order flow.

- Order flow drives the security’s price—linear price impact of order
flow

- Can the price impact function be nonlinear?
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